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Abstract 

We propose explicit expressions for the form factors, including their normalization con- 
stants, of topologically charged (or soliton-creating) operators in the sine-Gordon model. 
The normalization constants, which constitute the main content of our proposal, allow one 
to find exact relations between the short- and long-distance asymptotics of the correlation 
functions. We make predictions concerning asymptotics of fermion correlation functions in 
the massive Thirring model, S't/(2)-Thirring model with anisotropy, and in the half-filled 
Hubbard chain. 
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1. Introduction 

Exact form factors are of significant interest in integrable quantum field theories in 
two space-time dimensions, and much progress has been made during the last 25 years 
in computing these quantities in various models, and in their applications to the analysis 
of correlation functions. By n-particle form factors we understand as usual the matrix 
elements of any local (or "semi-local" , see below) field operator 0{x) between the vacuum 
and the states containing n particles. One of the reasons for the interest lies in the fact 
that exact form factors allow one to generate large-distance expansions for the correlation 
functions by inserting a complete set of states of asymptotic particles. If the factorizable 
S'-matrix of these particles is known, the form factors are determined by solving the "form 
factor bootstrap equations" (see for coherent exposition of the bootstrap program. 
Refs.0 includes some early works on the subject). 

It is important to note that these form factor bootstrap equations constitute a linear 
system, i.e. if a certain collection of form factors solves the equations, the renormalized 
collection (with all form factors associated with the same operator O multiplied by the 
same constant) also does; this of course represents the freedom in normalization of the 
field operator O. On the other hand it is usually convenient to fix the normalizations of 
the field operators in terms of the short-distance behavior of their correlation functions. 
If the short-distance behaviour is controlled by associated CFT, the two-point correlation 
function of a spinless field 0{x) has the asymptotic form 

(^(^)^'(o))-^- (1-1) 

Conventional choice of the coefficient 1 in the power law ( p. . 1|) fixes (up to a phase, which 
usually can be fixed through other correlation functions) the normalization of O. The 
problem arises of finding the specific normalization of the form factors which corresponds 
to the "CFT normalization" ( PI) . 

In principle, this problem can be solved by analyzing the short-distance behavior of the 
form factor expansion. However, in practice it is usually possible to compute only the first 
few terms of this expansion. While yielding in many cases excellent numerical data even for 
rather small distances (see e.g. 0), this truncated series does not provide exact analytic 
information about the coefficient in the short-distance asymptotic ( p. . 1| ) . Therefore the 
problem of determining the "CFT normalizations" of the form factors for a generic operator 
O remains largely open (notable exceptions being the cases when (9 is a component of some 
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conserved current, e.g. energy-momentum tensor, and the normalizations of its form factors 
can be fixed through the Ward identities, see e.g. 0]). Some progress was made in [|[ 
where the expectation values of topologically neutral primary operators in the sine-Gordon 
model (and in some other integrable QFT ) were determined. This result makes it 

straightforward to fix the normalizations of all higher form factors of these operators using 
Smirnov's "annihilation pole" relation [^] of the form factor bootstrap 0. 

In this paper we extend the above result to a class of topologically charged fields in 
the sine-Gordon model. Obviously, the vacuum expectation values of fields with nonzero 
topological charge vanish. The simplest form factor of an operator carrying topological 
charge n is its matrix element between the vacuum and an n-soliton (or (— n)-antisoliton, if 
n is negative) state. In Section 3 we propose an explicit expression for these simplest form 
factors of "CFT-normalized" primary operators. Our proposal, Eq.(3.1) below, actually 
concerns the corresponding normalization factor Ti^ in (2-12) (without regard of normal- 
ization, some form factors with n 7^ were considered before in Refs.0). In Section 4 we 
carry out various checks of this conjectured expression. 

Let us mention here that there is a one-parameter family of primary fields of given 
topological charge n (see Sect. 2 for details), and for generic values of the parameter a these 
fields (denoted O"^ henceforth) are not local (they are "semi-local" in the terminology of 
||10|| ). Nonetheless, there are several important reasons to be interested in form factors 
and correlation functions of such nonlocal operators. Let us mention a few. First, specific 
discrete values of the parameter a provide a set of local topologically charged fields which 
in fact coincide with the fundamental Fermi fields and their composites in the massive 
Thirring model. For other discrete values of this parameter these fields become components 
of conserved nonlocal currents generating the affine quantum group symmetry of the sine- 
Gordon model. These relations will be used in Sect. 4. Second, analytic properties in the 
parameter a are likely to be illuminating, as was demonstrated in for expectation values 
of neutral fields. We will say some words on this subject in Sect. 6. Finally, in many cases 
it has proved to be useful to factorize local fields into nonlocal ones. For example, the 
SU{2) Thirring model (and its anisotropic deformation) can be bosonized in terms of a 
sine-Gordon field plus a free massless boson, the correlation functions of basic Fermi fields 
in this model being expressed through the correlators of the nonlocal fields of the sine- 
Gordon theory. In Sect. 5 we use this relation to make predictions about exact asymptotics 
of fermion correlation functions in the SU{2) Thirring and Hubbard models. 



2 



2. Topologically charged fields in the sine-Gordon model 

The sine-Gordon model, which is described by the euclidean actionB 

AsG = /^'^ { ^^-Vf - 2^ cos(/3(/p) I , (2.1) 

is invariant w.r.t. the field translations <^(x) f{x) ±2n/(3. As a well known consequence, 
the model admits a class of fields creating nonzero topological (or soliton) charge. The 
simplest of these fields can be described as the "dual exponentials" 

0'${x)^e'^ Jc. , (2.2) 

with integer n. Here the integration goes along some contour ("Dirac string") starting 
at infinity and ending at x, the precise shape of this contour being very much arbitrary 
as the correlation functions involving these fields depend only on its homotopy properties. 
The field (|2.2|) creates a discontinuity of the field Lp along C^:, so that the values of 
right across this contour differ by a constant equal 2nn/(3. In operator formalism, the 
field operator associated with ( p.2| ) creates the topological charge n. The fields ( |2.2| ) are 
mutually local and they have zero spin. Since the exponential in the r.h.s. of ( |2.2| ) requires 
regularization this expression defines the field Oq only up to normalization. We fix this 
ambiguity by assuming the "CFT normalization" ( p. . 1|) , specifically 

hm \x\f^ (Oo-(x)Oo"(0)) = l. (2.3) 

\x\^0 

Although the fields (|2.2| ) are themselves local, they obviously are not local with re- 
spect to the field ip{x). Nevertheless one can define a class of useful nonlocal fields 
02{x) by "fusing" the fields (2^) with the exponentials of (/?, i.e. by taking the limits 
lim^'^x C>o{x) exp{iaf{x')). In view of the above nonlocality this limit has a phase ambi- 
guity, which can be fixed, for instance, by specifying the direction, relative to the contour 
Cx, from which x' approaches x. To eliminate all ambiguities one can choose some cartesian 
coordinates x = (x, y) , and define 

Oaix) = lira^ exp | - ^ j dyip{x, y) rfxj exp { iaip{x + e, y) } . (2.4) 



^ Here and below we use the notations and conventions adopted in Q; in particular, the 
language of euclidean field theory is used by default. 
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In fact, rigid specification of the contour C^; in (|2.4|) results in inconveniently discontinuous 
correlation functions involving these objects. To avoid this inessential complication, in 
what follows by a correlation function 



{0:-{^N.yN)■■■0:l{^^,y^)) (2.5) 

we always understand the analytic continuation of this correlator from the domain 
yi < 72 < ■ ■ ■ < Yn- With this definition the correlation function ( ^.51 ) becomes a 
multivalued function of the coordinates xi, ■ ■ ■ , xn which acquires a certain phase fac- 
tor exp ( — i7r{aj Uk + ak rtj)/ (3) when the point Xj is brought around Xk counterclockwise. 
In particular, the two-point correlation function can be written as 

_ s(a',n} — s{a,n) 

(Z \ 9 ■ s(a,n)-\-s(a'n) 

e^--) e^-^^^^ gi^lir), (2.6) 

where 

. . an 

s{a,n) = —, (2.7) 
z = X -|- zy, z = X — zy, and the function Qa,a' is real and depends only on the distance 



r = vzz. In the terminology of [|T0[ the fields (9^ are "semi-local". If a 7^ the field 
carries nonzero spin (|2.7| ). It becomes a local, bosonic or fermionic, field when s(a, n) takes 
integer or half-integer values. Note that the definition ( p.4| ) fixes also the normalization of 
the field O", since the normalizations of Oq{x) and 0^{x) = e*"*^ are already fixed through 
(PI) and (OD. respectively. The same normalization can be specified by the condition 

Oi%ir)l^o - ^:2;^ ^ith d{a,n) = 2a' + ^ . (2.8) 

The aim of this work is to describe the form factors of the operators with n-soliton 
states. We will assume the hamiltonian picture with coordinate y taken as euclidean time. 
Note that in this picture the operators defined by (|2.4|) obey the simple hermiticity relation 



{o:y = oz: (2.9) 



which allows us to restrict our attention to the form factors of with generic a but n > 0. 
We will use the notation A- and for the soliton and antisoliton; these particles carry 
negative and positive units of the topological charge, 

H=^ a,<^(x,y)dx, (2.10) 

2.71 



respectively. Conservation of the topological charge implies that nonvanishing form factors 
of the operator 0'2 are of the form 



{vac I o:{o) I A_{e^) ■ ■■A_ie^+N) A+{e[) ■ --A+ie'^) ) , (2.11) 

where 9i and 9j denote rapidities of solitons and antisolitons (for simplicity, here and below 
we ignore the possible presence of breathers) . Up to overall normalization, all these form 
factors can be written down in closed form, as certain A^-fold integrals [§ . In the simplest 
case, = 0, an explicit formula exists, 

n n 

(mc|O^(O)|A_(^i)---A_(0^)),„ = v/z;>)e'^ n et^- J] (2.12) 

m=l mKj 



Here 



GW = ,C, .mhW2)exp(( - .2^^ JJ^^ l^^^^^ ) (2.13) 



with 

,2 



^ /_ r-^dt sinh-(t/2)sinh(t(^-l)) x 
' io t sinh(2t) sinh(tO cosh(t) y ' ^ ' 

and we have assumed that the rapidities are arranged so that 6i < 62 < ■ ■ ■ < 0^- Here 
and below we use the notation 



The only unknown component in ( |2.12|) is the real normalization constant Z^(a). This 
constant controls the long-distance asymptotics of the two-point function ( |2.6| ) (with the 
normalization already fixed by ( p.8| )) because it is dominated by n-soliton intermediate 
states, namely 



= ^"^^y-^"^ / n - n e^^--^'^ ^ + . . . , 

71/, j ZiT^ 

°° m<j m=l 

(2.16) 

where M is the soliton mass, and the dots stand for the subleading terms, which are of 
the order of e~('^+2)^^'^. Let us also stress here that once the constant Z„(a) in ( p.l2|) is 
fixed, the normalizations of all higher form factors (|2.11| ) are also fixed by the "annihilation 
pole" condition of the form factor bootstrap (see ^ for details). For example, using the 



approach of , one can derive the foUowing expression for the n + 2-particle form factor 



n+2 



; vac I O:{0) I A_{e,)... A^{9,) . . . A_{9^+,) = i^i^^^ H ^^'"^ >< 



4Ci 



m=l 



"^'^+ p=i p=k+i 

"^C"- p=l p=A: 



(2.17) 



Here the function W and the constant C2 are 



^..x^ 2_ . /-""c^t sinh^tq-jg/TT) sinh(t(e-l)) 

^ ' cosh(6') ^ V t sinh(2t) sinh(tO 

' dt sinh^(t/2) sinh(t(^ - 1)) 
1 sinh(2t) sinh(t^) 



C2 = exp 4 



(2.18) 



The integration contours C_|_ and C_ in ( |2.17| ) are described as follows. The contour C_|_ 
starts from —00 along the real axis of the complex 7 plane, and winds around the poles of 
its integrand located in the strip — ^ — < $57717 < ^ + 0, going first above the poles at 
9p + p = 1, . . . k, and then below the poles at 6'p — p = k + 1, . . .n + 2, and finally 
extends to +00 along the real illustrated in Fig. la. Similarly, the contour C_ goes 

above 9p + p = 1, . . . k — 1 and below 9p — p = /c, . . . n + 2 of its integrand, see 
Fig.lb. 
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Under the assumed normalization of the fields O^, the leading short-distance asymp- 
totic of the two-point correlation function (|2.6|) is 



eS(r)|„„ 



^ gi(a+a')v3 ^ 



^d{a,n)+d{a' ,n)—d{a+a',Q) 



with the coefficient Qa+a' = { e**-"^" •''^ ) which can be read off from To determine the 
coefficient in its leading large-distance asymptotic (|2.16| ) one needs to know the normal- 
ization constant Z^(a) in ( p.l2|) . 



3. Conjecture 



We propose the following explicit formula for the constant Zn(a) in ( |2.12| 



Co 



2Ct 



iC2 

16 



exp 



dt 



r(|) 

cosh(4^at//?)e-(i+^)'^* - 1 



d(a,n) 



X 



+ 



n 



d{a, n) e 



-2t 



(3.1) 



,0 t i 4 sinh(^t) sinh ( (1 + ) cosh(t) 4 sinh(tO 

Here the constants Ci and C2 are given by ( |2.14| ) and ( |2.18[ ), and d{a, n) is as in (|2.8|). We 
would like to stress here that this formula should be used only with n > 0. For example, 
the form factor ( vac \ O~"'(0) | A^{9i) ■ ■ ■ A^{9n) )in should be written with A/Zn(a) (not 
a/Z_„(o)) for its normalization constant. 

In the next section some calculations supporting the conjecture ( p.l|) are presented 
(and some are just mentioned). 



4. Supporting calculations 



The case n = 



In this case the field ( |2.4|) reduces to the exponential field exp(za(/?(x)), and the form 
factor (p.l2|) becomes its vacuum- vacuum matrix element. Correspondingly, for n = 



( P?T|) reduces to the expectation value of this exponential field (see [Q). 

4.2. Free fermion point 

At 0^ = 1/2 the sine-Gordon model reduces to free Dirac fermions. In this case the 
form factors ( |2.12| ), and in particular the normalization factors Z„(a), can be calculated 
directly [|11|. For this value of 0^ Eq.(|3.1|) coincides with the result of [O. 
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4-3. Massive Thirring Model perturbation theory 

As is well known [1T2| , |T3| the sine-Gordon theory is equivalent to the massive Thirring 
model, 

Amtm = jd^x { ^7m^m* + M^<f + ^J^J^y (4.1) 

where \1/ is a Dirac Fermi field, = ^'7^\I/ is its (non-anomalous) vector current, and the 
coupling constant g is related to (3 in ( P7T| ) by 

9 1 



TT 2/32 



1 . (4.2) 



The action ( ^.1| ) requires field and mass-term renormalizations, and the precise relation 
between Ai and n in ( |2.1|) depends on the renormalization scheme. The fields ^ are 



related to O^^^^ from Sect. 2 as follows |T3 



*(x) = f^-?/'V ^{x) = ^^= (0-l,,,0-},) , (4.3) 



where we have chosen a chiral representation of the (euclidean) Dirac matrices, i.e. 7x = 
—o'2-, 7y = cTi. The constant Z$ depends on the normalization condition for the field 
In what follows we assume the most common renormalization scheme, in which the 
renormalized M. coincides with the soliton mass M, and the normalization of ^ is fixed as 
follows, 

{i i) + M)S{p) -^l as p^ + M^^O. 



Here S{j>) is the momentum-space propagator. 



m{x)^{Q)) = J S{p) e*P^ 



d'^p 



and ^ stands for ■j^p^. Comparing this equation with the n = 1 and a = —a' = —(3/2 
case of ( p.l6|) , one finds that this scheme corresponds to the choice Zip = Zi(/3/2) in (^ 



On the other hand, the short-distance behavior of the correlation functions ( (9^^^2^^/2 ) 
is given by ( p.6|) ,( p^) . This leads to the following prediction for the constant factor in the 
large-momentum asymptotic of the fermion propagator in this scheme, 

■ , Mn 2i-2^* r(3/2 - rf^,) , 2xd»-3 2 



Here 



and 



]^ 2 



exp 



Co 



2Cf 

°° dt 



16 



v/^Mr(f + 1) 



r(|) 

cosh(2^t) e-(i+^)* - 1 



2dq 



+ 



1 



— 2(i* e" 



-2t 



/o t I 2 sinh(^t) sinh ( (1 + ^)t) cosh(t) 2 sinh(tO 

This prediction can be verified in standard renormalized perturbation theory in 
Straightforward evaluation of the diagram in Fig. 2 yields 

2 



(4.5) 



where 



S2(p)--ii' |y-6 + log(^) I as 



oo 



(4.6) 



Fig.2 



Using a power expansion of (|4.5|) in the parameter ( |4.2|) , 

= ttM 1 1 + (|-)' ( log(M2) + + 6 - 2 log 2 - y ) + 0{g^) | , (4.7) 



where '-/e = 0.577216 ... is Euler's constant, one can check that (|4.4|) agrees with (|4.6|) to 
order g^. 

4.4- Nonlocal Integrals of Motion 

As was mentioned in the Introduction, the fields O^^ with appropriately chosen values 
of a coincide with the components of the nonlocal currents found in |jl^ . Namely, the fields 



(4. 



with V = (2/9) ^ — /9, satisfy the continuity equations 



dj^{x)=dn^, dj±{x)=dn±, (4.9) 

where d = \{d^ — idy) , d = ^{d^ + idy). They give rise to four nonlocal integrals of 
motion 

1 

Q± = Y- / (J'±(x,y)+H±(x,y))dx, 

^ (4.10) 
Q± = 7^ (j±(x,y)+7Y±(x,y))dx, 



which generate (as was found in [|n[) the affine quantum group Uq{sl{2)) of level zero, 
with 

q = e'''/'^^ . 

More precisely, under a special choice of the {(3- and /x-dependent) constant Zg, the oper- 
ators ( [4.10|) obey the commutation relations 

Q_ Q+ - Q+ g_ = — ^ , Q+ Q- - g2 Q_ = ^2 , (4-11) 

where if is the topological charge ( p.lO| ). The constant Zq can be expressed through the 
expectation value of the fields e'^^^~^/^^'^ , 



i(/3-l//3)<^' 



2$ = ^ ^(1 + sin(7r/0 ( eH^-/'^^^ ) = f^^^^^^ 



^MTil + I) 

2r(n-|) 



(4.12) 



where again M denotes the soliton mass. 

The vacuum \vac) is annihilated by all the generators (|4.10|) , while the soliton- 



antisoliton pair A± forms two-dimensional representation of the algebra ([4.11|) , 

Q±\A±{e)) = Q±\A±{e)) = o, 

(4.13) 

I A±{e) ) = ee I A^{9) ) , \ A±{9) ) = e" « | A^{9) ) , 

and H \ A±(9) ) = ±| A±{9) ). The action of these operators on any multisoliton state is 
described by a standard Ug{sl{2)) coproduct, i.e. 

A(Q±) =g±®l + Q^^®Q±, A(Q±) = (5± ® 1 + ® g± . (4.14) 
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It is not difficult to see tliat consistency of tfie form factor formula ( |2.12| ) with the above 
continuity equation ( [4 .91 ) and with p.l3D requires that the coefficient Zj^(a) in ( |2.12| ) satisfy 
the following identities 

which both are easily verified for ( |3.1| ). 

More interesting consistency conditions come from the following observation. For all 
integer n and m the fields with 

n m/3 

are local with respect the currents S± and 'H± defined in ( ^78| ) (a similar set O'^^^ ^ exists 
for the currents J± and ?i±). As a result, commutators (more precisely, "^-commutators" ) 
of 0"^^ ^ with the generators (5+ and Q- are expressed through the fields O^^'^ (with the 
parameter a somewhat shifted) or their descendants. In particular, one can derive the 
following commutation relation 

27rz 

This operator equation of course leads to certain relations between the form factors. For 
instance, sandwiching ( [4.15| ) between the vacuum and the state containing n+2 antisolitons 
and using (|4.14|) and ( [4.13|) to transform the matrix element appearing on the left-hand 
side, one obtains 

n+2 

J2 9'—' e-^ {vac\O:^^^{0)\A.{9^)■■■A+{e,)■■■A.{en+2))^n = 

k=i (4.16) 

Now, substituting ( |2.17| ) for the form factors in the left-hand side of (|4.16|) , one observes 
that all but two integrals in the sum cancel each other, which results in the relation 

n+2 



Q+ ^ (x) - , (x) Q+ = ^q^ OS , (x) . (4.15) 



n 



Z, V Z„(a„,i) 4Ci 



k=i 

^ k=i k=i ^ 

(4.17) 
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where W is the function ( |2.18|) . Thanks to the identity W{6 — in) = W{—6 — in), the 
sum of the integrals in the bracket | ■ ■ ■ } on the r.h.s. of ( [4.17| ) in fact reduces to the 
foUowing hmit 

In turn, the hmit can be evaluated using the asymptotic behavior 

W(e-i7i)^(—) ' e"^ as 3?e^^+oo, 
V 16 / 

and therefore ( [4 .151) leads to the following relation between the normalization factors in 

Zn+2(an-2,l) _ r2ZQ^2 ^C2^^-n ^^^^^^ 



Zn(an,i) \n^CiJ V 16 
It is possible to check that (|3.1|) indeed obeys ([4.18| ). 

4-5. Scattering in the lattice XYZ model 

The sine-Gordon field theory describes the scaling limit of the integrable XYZ spin 



chain 15 



N 

I . 

iixYZ 



1 ^ 

^ E ( ^^'^^^1 + Jy + ^l^Ui ) ■ (4-19) 



2 

k=i 



As is known, at = > \Jz\ the spin chain ( [4.19|) is critical, i.e. the gap in the 
spectrum of ( [4.19|) vanishes, and its correlation length Rc becomes infinite in units of the 



lattice spacing [|T^. In the scaling limit Jx — Jy ^ the spin correlations in (|4.19| ) are 
described by the field theory with [0|T§ 

COs(7r/3^) = Jz/Jx , 

T - .L \ 

, 

provided all relevant distances are ~ Rc, i.e. infinitely greater than the lattice spacing e. 
If, however, — Jy is small but finite, there are corrections due to finite lattice size. These 





2-2/3^ 


Jx Jy 






8sin2(7r/32) 


J X 



corrections can be taken into account by adding certain irrelevant perturbations to ( |2.1| ), 
i.e. by using the "effective action" 

A// = + / ^ { ^ ( ^0 (^) + ^o-'(^) ) - (a+ TT + A_ (T^ + T^) ) .2 + . . . } , 

(4.20) 
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where we have written down exphcitly only the most significant of those irrelevant terms. 
Here T and T are components of the sine-Gordon stress-energy tensor, in standard no- 
tations, and Oq^{x) are the fields (|2.2|) . In (|4.20|) the explicit dependence on the lattice 



spacing e is exhibited to show the relative smallness of various terms; the omitted terms 
are of higher order in e. Fortunately, the dimensionless coupling constants X± and A in 
( [4.20|) are known exactly [|18[, in particular 



^^4r(i + i/o f r(i + |) Y 



r(-i/o V2y^r(f + |) 



This makes ([4.20|) a working tool for determining the leading lattice corrections to the 



scaling limit in the XYZ model. 

omce the fields ^ carry nonzero topological charge, the A-terms in ( [4.20|) generate 



processes violating conservation of the topological charge, which is now conserved only 
modulo 4. In particular, two solitons can be produced in antisoliton-antisoliton scattering, 
with nonzero amplitude. In the Born approximation this amplitude is 

2 

S^^{02 - 0,) = out{A^{eM+ (02) I Oo'(O) I A.{6,) u , 

where 9i and 62 {Oi < 62) are rapidities describing the kinematics of the scattering. The 
matrix element here can be obtained by crossing transformation from the form factor ( |3.1| ) 
with n = 4 and a = 0. Simple calculation yields 

S+t{6) = iK smh{e/0 S{9) , (4.21) 

where 

s{e) = G{-e)/G{e) 

is the sine-Gordon iS-matrix element associated with elastic process A^A^ —>■ A^A^, and 

The appearance of this amplitude is of course expected. The scattering of excitations in 
the lattice model (|4.19|) is described by Baxter's elliptic S-matrix. It depends on the elliptic 
nome p, whose precise relation to the parameters in (f4.19| ) is rather transcendental (one 
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can consult [19,20| for details), but here we only need to know that when \Jx — Jy\ ^0 
this nome also goes to zero as 



p ^ 

V ^ / 

If — Jy 7^ this elliptic S-matrix has a nonzero element 5'j^j^(^), presented explicitly in 
One can check that when p gets small this amplitude assumes precisely the form 
( ^ ) with 

K = 4:p sin(7r/0 • (4.23) 



This agrees with ( |4.22| ) provided 



Z4(0) 



M2 167r2 



r2(i/o 



V 2r(i + f) J 



(4.24) 



It is not difficult to verify that for given values of the parameters ( |3.1| ) indeed reduces to 
(PI). 



5. Deformed 5't/(2)-Thirring model 



The normalization factor ( |3.1| ) leads to certain predictions about the asymptotic be- 
havior of fermion correlation functions in the so-called deformed (or anisotropic) SU{2) 
Thirring model. The latter is described by the action (we use again euclidean notations) 

Adtm = / { E *"7m5m^<x + f Jf^Jf^ + y J'A + 2 9± Jp;: } , (5.1) 

where is a doublet of Dirac Fermi fields, and 

J^ = ^'7m^, J;f = ^r7^r^vp (5.2) 
are their vector currents. The Pauli matrices = (r"^, r"*", r~) in (|5.2| ) act on the "flavor" 



indices a =1,1- The model ( |5.1| ) is renormalizable, and its coupling constants g\\, g± 
should be understood as "running" ones (the singlet coupling go does not renormalize) . 
The corresponding RG flow pattern is known as Kosterlitz-Thouless flow (see e.g.[^). In 
particular, in the domain g^\ > \g±\ all RG trajectories originate from the line g± = of 
UV stable flxed points, and ( |5.1|) indeed defines a quantum field theory. In this domain 
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(which is the only one that we discuss here) each RG trajectory is uniquely characterized 
by the limiting value 

5|| = lim 9\\iL) 

L — > — oo 

of the running coupling g\\ (L) at extremely short distances (L stands for the logarithm of 
the length scale), i.e. the theory ( |5TT| ) depends on two dimensionless parameters g\\ and 
(7o, besides the mass scale appearing through dimensional transmutation. The model ( |5Tl] ) 
attracts much attention in condensed matter physics, e.g. because of its relation to the 
scaling limit of the Hubbard model (see e.g.p^). 

As is well known (see e.g.[|2^), the model (|5.1|) can be bosonized in terms of the 
sine-Gordon field 9?(a;), with {3 in ( |2.1| ) related to g\\ by 

^-1 + ^. (5.3) 
and a free massless boson ijj[x). For the latter we assume conventional CFT normalization 

{uj{x)uj{Qi)) = -2 log(zz) . 
The chiral components of the Fermi fields 



1 / i^aRix) 



271 \1paLix) 



are expressed in terms of these bosons as 



(5.4) 



where = 77^ are Klein factors (77^ = 77^ = 1, 77^ 77j^ = — 77j^ 77^). In ( [5.4]) (9^^ are nonlocal 
fields ( |2.4| ) of the sine-Gordon part of the bosonic theory, and O'^^ are similar expressions 
in terms of the free field u)^ with /3 replaced by 7, where 



1 = 1 + 1^ 

These fields can also be written as 



a^(a;) = exp I z ( a - ^ ) Wi?(z) - z ( a ^ ) u;l(z) } , (5.5) 
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through the right and left moving chiral parts of u{x). Note that each of the factors O 
and O in (|5.4[ ) is nonlocal (they each have spin i), while the products appearing there 



are local Fermi fields. 

As a result of the factorization (^^) (known as spin-charge separation in condensed 
matter applications) the correlation functions of the fermions also factorize, for instance 

{^.'Rix)^U0)) = '-^ ,^-(7-7-)V4 ^i^)/,^^/,(r) , (5.6) 



where again z = x + ij, r = yzz . In writing (|5.6|) we have used ( p.6|) , along with the well 
known form of the two-point correlation function of the free-field exponentials (|5.5|) , 



— an 



The short distance asymptotic form of this correlation function follows from (|2.8| 



hm -r^''^ (V'a'fl(a:)^i^(0))=z5,v , 
r— »o r 

with 

= 2 + 8 + 8 ■ 

This of course is nothing but our convention concerning the normalization of which we 
implicitly assumed in writing ( [5.4| ). On the other hand, using ( |2.16D with n = 1 one can 
obtain its large-distance asymptotic, 

where M is the sine-Gordon soliton mass. While the functional form of ( p.7| ) is well known 
2^, the coefficient Zi(/3/4) constitutes a nontrivial prediction which follows from ( |3.1| ). 



Let us mention here that according to ( p.7| ), in the case = 7 = 1 (which corresponds to 
the symmetric model ( ^J] ) with go = and gn = gj_ > 0) one has 



with 

C ^ £m exp ( /°° 'f I ^ 0.921862 . . . . (5.9) 

2i ^ \ Jo t sinh(2t) cosh(t) J 



The numerical coefficients in the short- and long-distance asymptotics in (|5.8[ ) are remark- 



ably close; this suggests that in this symmetric case the leading term in the long-distance 
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asymptotic ( |5.8|) may be rather good approximation for the correlation function at aU 
scales. 

Eq. ( ^.81) can be translated to asymptotic formulae for the fermion correlation func- 
tions in the half-filled Hubbard chain 

+00 +00 ^ ^ 

j = -0O(T = t,i j = -00 

In ( [5.10| ) Co- J , j are the Fermi operators, 



and rij^a = c\ aCj,cr- As is known p5| , p6| , p7| , |28| , p9| , in the symmetric case [qq = and 
9\\ = 9± > 0): the field theory describes the scaling limit of this chain. If one sends 

U -f-0, the correlation length 



^ 71 t 2-Kt 

Rc = — \ — e u 
2 \ U 



diverges, and the correlation functions of (|5.10| ) at large lattice separations assume certain 
scaling forms. In particular, if \j ^ 1 the equal-time fermion correlator can be written 
as 

sin ( ^d' - i)] 

(5.11) 



/ t \ A sin ( f (/ - j) ) 

{Cj',a'C'j^^) ^ 6o'a TTTT -J\/Rc 



^ W - 3) 

where -F(O) = 1. The scaling function F{r) here is related directly to the field-theoretic 
correlation function ( |5.6|) with /3 = 7 = 1. Therefore Eq.( ^.8|) leads to the following 
prediction for the large-distance asymptotic of the scaling function F in ( [5.11| ), 



F{t) =Ce-^ + 0(e 



-3T^ 



as r ^ 00 



where C is the constant (|5.9[). 



6. Discussion 

Conjecture ( |3.1| ) for the factor Zj^(a) in ( |2.12| ) is the main statement of this paper. In 
certain sense it extends the proposal of Q about vacuum expectation values of 0^{x) = 
exp{ia(p{x)) to the case of fields 0'2{x) carrying nonzero topological charge n. In this 
connection we would like to add the following remark. 
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As was shown in [|5|, the vacuum expectation values 

(mc|e^"'^|mc) = ^/Z^ 
obey the interesting analytic relation 



VMa) = Roia) v/Zo(-Q-a) , (6.1) 
where Q = ^ — /3, and the amplitude 

r(l + f + §) r(l - 2a/3 - 

Ro{a) = (A)-2Q(2«+Q) _1 P ^ (6.2) 



A 



^Mr(f + |) /l + ^^? 



2r(i + |) V ^ 

can be related to the "Liouville reflection amplitude" by analytic continuation P 



ib. Although our understanding of the "reflection relation" (|6.1| ) is still far from being 
satisfactory, it has proved to be very useful in determining vacuum expectation values of 
other flelds in the sine-Gordon |^ and in other integrable models It is possible to 



check that Z^(a) in Eq. (|3.1J ) satisfles a similar relation 



^yZM=RM ^/Z^i-Q-a) (6.3) 

with 

r(l + ^ + -2 + ^)r(l-2a/3- Q/3 + n/2) 
RM = (A)-22(2«+S) ^ i g H^i^^ ^ . (6.4) 

At the moment we are not in possession of any clear interpretation of the "reflection ampli- 
tude" (|6.4|) , neither in terms of Liouville nor any other CFT, nor even as a natural analytic 
interpolation of the "normalization factors" of (note that (|6.4|) does not have n ^ —n 
symmetry, which the Coulomb-gas integrals deflning the corresponding normalization fac- 
tors clearly do, thus indicating a signiflcant ambiguity in such analytic interpolation for 
n 7^ 0). Nonetheless, Eq.( |6.3|) could be helpful in the search for generalizations of ( |3.1|) . 
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